We theoretically show that a temporally oscillating spin-driven electromotive force or voltage with a large DC component can be generated by exciting microwave-active spin-wave modes of a skyrmion crystal confined in a quasi two-dimensional magnet under a tilted magnetic field. The DC component and the AC amplitude of the oscillating electric voltage is significantly enhanced when the microwave frequency is tuned to an eigenfrequency of the peculiar spin-wave modes of the skyrmion crystal called "rotation modes" and "breathing mode", whereas the sign of the DC component depends on the microwave polarization and on the spin-wave mode. These results provide an efficient means to convert microwaves to a DC electric voltage by using skyrmion-hosting magnets and to switch the sign of the voltage via tuning the microwave frequency, which are important capabilities for spintronic devices.
INTRODUCTION
Dynamic coupling between conduction electrons and noncollinear magnetic textures in magnets gives rise to a variety of physical phenomena, which have attracted significant research interest from the viewpoints of both fundamental science and technical applications. The spindriven electromotive force (i.e., an emergent electric field induced by magnetization dynamics) is one of the most important of these phenomena [1, 2] . It was proposed theoretically that noncollinear magnetizations produces a spatially inhomogeneous effective vector potential acting on conduction electrons via the s-d exchange coupling between conduction-electron spins and the magnetization. A temporal variation of this effective vector potential due to the dynamics of the magnetization induces an effective electromotive force that acts on the conduction electrons, which is referred to as the spinmotive force". The spinmotive force can also be interpreted as the inverse effect of the spin-transfer torque mechanism (see Fig. 1 ). The spinmotive force is expressed by
where m(r, t) is the normalized classical magnetization vector. This formula explicitly indicates that the magnetization must vary both spatially and temporally to produce the spinmotive force. Several experimental reports discuss the generation and observation of the spinmotive force in ferromagnetic domain walls and magnetic vortices [3, 4] . Recent theoretical work revealed that hexagonally packed skyrmions in a skyrmion crystal exhibit peculiar spin-wave modes at microwave frequencies, in which the skyrmions rotate uniformly in a counterclockwise or clockwise sense (the rotation modes), or uniformly expand and shrink in an oscillatory manner (the breathing mode) [5, 6] . Subsequently, Ohe et al. showed numerically that the spin-driven electric voltage (the so-called "spin voltage") can be generated from these microwaveactive spin-wave modes of a magnetic skyrmion crystal [7, 8] . An advantage of using a skyrmion crystal to generate the spin voltage is that the periodically aligned skyrmions in the skyrmion crystal work as batteries connected in series, which give a large electric voltage by summing each contribution. However, th spin voltage oscillates temporally and is, more specifically, a pure AC voltage with an average of zero. For certain spintronics applications, DC electric voltages are preferable. One possible way to obtain a DC voltage is to use an AC-DC transducer to convert the AC voltage to a DC voltage. However, this approach requires fabricating complicated devices. Moreover, we cannot avoid reduction of the voltage in the conversion process, which can be a critical problem because the spin voltage is originally very small. Therefore, a simple technique to generate a DC spin voltage is highly desired.
In this paper, we show theoretically that an oscillating spin voltage with a large DC component can be generated by exciting the microwave-active spin-wave modes of skyrmion crystal on a quasi-two-dimensional thin-plate magnet under an external magnetic field H ex tilted with respect to the perpendicular direction. By numerically solving the Landau-Lifshitz-Gilbert (LLG) equation, we trace the dynamics of magnetization in the skyrmion crystal activated by a microwave magnetic field H ω . We use the results of the simulation of the magnetization dynamics to calculate the spatiotemporal profiles of the spinmotive force and the temporal profiles of the spin Angular-momentum transfer from conduction-electron spins of an injected spin-polarized current to magnetizations constituting a noncollinear magnetic texture drives the translational motion of the magnetic texture. (b) Schematics of spin-driven electromotive force, the so-called "spinmotive force". Momentum transfer from a driven noncollinear magnetic texture to the conduction electrons via exchange coupling causes an effective electromotive force acting on the conduction electrons, resulting in the generation of spin-polarized electric currents. Here we consider a domain wall in a ferromagnetic nanowire as an example of the noncollinear magnetic texture.
microwave is tuned to an eigenfrequenciy of the spinwave modes, which converts the microwave power to a DC voltage with high efficiency using a skyrmion-hosting magnet. The results also show that the sign of the DC voltage depends on the excited spin-wave modes, which indicates that the sign of the voltage can be swicthed by tuning the microwave frequency. Our finding will be useful for technical applications in spintronics devices.
MODEL AND METHOD
We start with a classical Heisenberg model on a square lattice to describe a thin-plate specimen of the skyrmionhosting magnet. The model contains the ferromagneticexchange interaction, the Dzyaloshinskii-Moriya (DM) interaction, and the Zeeman interaction with an external [9] . The Hamiltonian is given by [10] ,
where m i is the normalized magnetization vector on the ith lattice site. We use J=1 as the energy units and set D/J=0.27. The vertical component of H ex is fixed at H z =0.036, whereas the in-plane component is H x = H z tan θ with θ being the tilting angle of H ex . The diameter of a skyrmion is determined by competition between the DM interaction and the ferromagnetic exchange interaction, which favor rotating and parallel magnetization alignments, respectively. A stronger DM interaction causes rapid rotation of the magnetizations and consequently a smaller skyrmion size. Because φ ∼ D/( √ 2J) holds for the magnetization rotation angle φ, the spatial period in the skyrmion crystal becomes λ m ∼ 2πa/φ with a being the lattice constant. Therefore, the ratio D/J = 0.27 gives λ m ∼ 18 nm if we assume a typical lattice constant of a=0.5 nm, which corresponds to the experimentally observed skyrmion size in MnSi.
When the external magnetic field H ex is applied perpendicular to the thin-plate plane [i.e., H ex = (0, 0, H z )] as shown in Fig. 2(a) , the skyrmion crystal phase with hexagonally packed skyrmions [ Fig. 2(b) ] appears when the field strength H z is moderate. In this case, each skyrmion in the skyrmion crystal has a circular symmetry as shown in Fig. 2(c) . (2) at T =0 as a function of the magnetic-field strength H z when H ex = (0, 0, H z ). This phase diagram exhibits the skyrmion-crystal phase in a region of moderate field strength sandwiched by the helical phase and the fieldpolarized ferromagnetic phase. The unit conversions when J=1 meV are summarized in Table I . When J=1 meV, H z = 1 corresponds to ∼8.64 T. Therefore, the threshold fields of H c1 =0.0168 and H c2 =0.0567 in this theoretical phase diagram correspond to 0.145 T and 0.49 T, respectively. These values coincide well with the experimentally observed threshold fields of ∼0.15 T and • , and Fig. 2 (g) displays the magnetization configuration of a skyrmion in this skyrmion crystal, which has a disproportionate weight in the distribution of the m z components slanted from its center.
We simulate the dynamics of the magnetization in the skyrmion crystal state activated by a microwave magnetic field H ω by numerically solving the LLG equation using the fourth-order Runge-Kutta method. The LLG equation
The first term of the right-hand side is the gyrotropic term and describes the precessional motion of magnetizations m i around the effective local magnetic field H eff i . The second term is the Gilbert-damping term introduced phenomenologically to describe the dissipation of the gyration energy. The Gilbert-damping coefficient is fixed at α G = 0.02 for calculations of the microwave absorption spectra shown in Fig. 3 to precisely evaluate the eigenfrequencies of the skyrmion spin-wave modes, while it is fixed at α G = 0.04 for calculations of the spinmotive force to evaluate its realistic values for MnSi. The effective magnetic field H eff i is calculated from the Hamiltonian H=H 0 +H (t) as follows:
Here H 0 is the model Hamiltonian given by Eq. (2), whereas H (t) is the coupling between magnetizations and a time-dependent magnetic field or a microwave magnetic field H(t) in the form,
Using the calculated spatiotemporal dynamics of excited magnetization m i , we calculate spatiotemporal profile of the spinmotive force E. For the numerical calculation, it is convenient to rewrite Eq. (1) in discretized form as
where µ=x, y and a(=5Å) is the lattice constant. We also calculate time profiles of the spin voltage by numerically solving the Poisson equation. All the calculations are done using a system of N = 96 × 111 sites with periodic boundary conditions. To identify the spin-wave modes and their eigenfrequencies, we first calculate the dynamical magnetic susceptibility,
where H µ (ω) and ∆M µ (ω) are the Fourier transforms of the time-dependent magnetic field H(t) and the simulated time-profile of the net magnetization
In this calculation, we use a short rectangular pulse for H(t) whose components are given by,
where t = (J/h)τ is the dimensionless time with τ being the real time. An advantage of using a short pulse is that the Fourier component H µ (ω) becomes constant being independent of ω up to first order in ω∆t for a sufficiently short duration ∆t with ω∆t 1. The Fourier component is Consequently, we obtain the relationship χ µ (ω) ∝ ∆M µ (ω). a) and 3(b) show the calculated microwave absorption spectra (i.e., the imaginary parts of the dynamical magnetic susceptibilities Im χ µ (µ=x, y, z) under perpendicular (θ=0 • ) and tilted (θ=30 • ) magnetic fields H ex as functions of microwave frequency ω(= 2πf ). More specifically, Fig. 3(a) shows the calculated microwave absorption spectra for the in-plane microwave polarization with H ω x, y (Imχ x and Imχ y ), whereas Fig. 3(b) shows the calculated microwave absorption spectra for the out-of-plane microwave polarization with H ω z (Imχ z ). Here we fix H z =0.036 for the calculations. A dominant component of the oscillation mode is indicated at each peak position. Figure 3(a) shows that whereas only two rotation modes can be excited by the in-plane microwave field H ω x, y under a perpendicular magnetic field H ex (θ=0
RESULTS

Figures 3(
• ), the breathing mode also becomes active when the magnetic field H ex is tilted. Similarly, Fig. 3(b) 
Comparing the spectra in Fig. 3(a) with those in Fig. 3(b) , we find that three spin-wave modes excited by H ω x, y have identical eigenfrequencies with three corresponding modes excited by H ω z, indicating that both the in-plane microwave fields H ω x, y and the out-ofplane microwave field H ω z excite the same modes under the tilted magnetic field H ex . Although the spectra here are calculated for the Bloch-type skyrmion crystal, the Neel-type and the antivortex-type skyrmion crystals produce the same spectra.
Figures 4(a)-4(c) show time profiles of the spin voltage V x measured between the left and right edges of the system along the x axis under application of a perpendicular magnetic field H ex with θ=0
• for various spin-wave modes, i.e., (a) the counterclockwise rotation mode excited by H ω x, (b) the counterclockwise rotation mode excited by H ω y, and (c) the breathing mode excited by H ω z. The dots are the results of the numerical simulations, and the solid lines are fits using the following formula of a forced oscillation with damping:
with µ = x. Here V DC µ , V AC µ , ω(= 2πf ), and τ are the DC component, the AC amplitude, the angular frequency, and the decay rate of the induced temporally oscillating spin voltage, respectively. Here, the simulations were done for the microwave amplitude of H ω = 3×10 Figs. 4(a) and 4(b) , whereas the spin voltage is exactly zero for the breathing mode as seen in Fig. 4(c) . For example, the data in Fig. 4 citation. Figure 4(d) shows that the E-field vectors circulate together with the rotating skyrmion in the counterclockwise rotation mode. The observed pure AC voltage is attributed to this symmetric circulation of the E-field vectors. On the contrary, Fig. 4(e) shows that the circularly symmetric source and sink of the E fields oscillate together with the oscillatory expansion and shrinkage of the skyrmion in the breathing mode. The observed exact-zero electric voltage is attributed to the radially distributed E-field vectors with a circular symmetry. . Surprisingly, the oscillating electric voltage with a large DC component also appears for the breathing mode as seen in Fig. 4(h) , which is in striking contrast with the pure AC voltage with zero DC component observed under the perpendicular magnetic field H ex . Note that the DC component V DC x is negative in the former cases in Figs. 4(f) and 4(g), whereas it is positive in the latter case in Fig. 4(h) . (µ=x,y) for the in-plane microwave polarizations H ω x, y and the out-of-plane microwave polarization H ω z, respectively. We fixed the amplitude of the applied microwave field at H ω = 0.6 × 10 −3 in the simulations. These plots indicate that the AC amplitude is enhanced and peaks at eigenfrequencies of the spinwave modes. In particular, significant enhancement occurs when the microwave frequency is tuned to the eigenfrequency of the counterclockwise rotation mode and that of the breathing mode.
Conversely, Figs as functions of the microwave amplitude H ω for two different spin-wave modes (i.e., the counterclockwise rotation mode and the breathing mode for the in-plane microwave polarization H ω x). Figure 6 (b) provides an expanded view of the area for small H ω indicated by the dashed rectangle in Fig. 6(a) . The frequency of the applied microwave field is fixed at ω=0.04938 for the counterclockwise rotation mode, whereas at ω=0.0664 for the breathing mode in the simulations. When the microwave field is weak with small H ω , the AC amplitude V AC µ is proportional to H ω . Deviations from the linear relation appear when H ω becomes large as seen above H ω ∼ 3 × 10 −3 in Fig. 6(a) . This deviation can be attributed to the distortion of the triangular skyrmion crystal due to the intense spin-wave excitations.
Conversely, Fig. 6(c) shows the DC components of spin voltages V are proportional to the square of H ω when H ω is small, whereas a deviation from this scaling law appears again for a strong microwave field with a large H ω because the triangular array of the skyrmion crystal becomes distorted by the intense spin-wave excitations. Finally we propose that measurements of the spin voltage may provide a powerful tool to detect several transition phenomena of magnetic skyrmions. It is known that skymions exhibit rich structural phase transitions. For example, nonequilibrium triangular-square lattice structural transitions upon rapid cooling have been observed experimentally [33] [34] [35] [36] . Other issues of interest are the melting of a skyrmion crystal due to intense spin-wave excitations [5] and defect formation in a skyrmion crystal during the crystallization [37, 38] are also issues of interest. We demonstrate that the time profile of spin voltage sensitively varies depending on the spatial configuration of skyrmions in the skyrmion crystal. In Fig. 7 , we show a simulated time profile of the spin voltage and that of the average of six Bragg peaks together. Snapshots of the skyrmion-crystal configuration and the Bragg peaks at selected moments are also shown. In the simulations, the skyrmion crystal is continuously excited by an intense in-plane polarized microwave H ω x with H ω = 3 × 10 −3 and ω=0.04938 under application of a tilted magnetic field H ex with θ=30
• . With this intense microwave field, the spin-wave amplitude or the circulation radius of skyrmions in the resonantly excited rotation mode exceeds the lattice constant of the skyrmion crystal, which eventually results in the distortion of the triangular skyrmion crystal. We find an apparent correlation between the oscillation fashion of the spin voltage and that of the Bragg peak in their temporal profiles. Although the skyrmion crystal maintains its triangular form for a while after the onset of microwave irradiation, both the spin voltage and the average magnitude of the Bragg peaks oscillate in a steady fashion. On the contrary, when the skyrmion crystal becomes distorted after a sufficient duration of the microwave application, both quantities undergo disordered oscillations. Although further studies are required to determined how to detect the randomness or the degree of disorder of skyrmion crystals via spin-voltage measurements, this technique may spawn a new research field involving nontrivial phasetransition phenomena of magnetic skyrmions, such as jamming transitions, liquid-gas transitions, dynamical structural transitions and so on, which are issues of future interest.
SUMMARY
To summarize, we theoretically showed that a temporally oscillating spinmotive force and spin voltage with a large DC component can be generated by exciting spinwave modes of a magnetic skyrmion crystal confined in a two-dimensional magnet under a static magnetic field tilted from the perpendicular direction. The DC component and the AC amplitude of the induced electric voltage are significantly enhanced, when the frequency of the applied microwave is tuned to an eigenfrequency of the spin-wave modes.
The results also revealed that the sign of the DC voltage depends on the microwave polarization and on the excited spin-wave mode, which makes it possible to switch the voltage sign by tuning the microwave parameters. Crucially, the periodically aligned skyrmions in a skyrmion crystal work as batteries in series and so can provide a large electric voltage by summing each contribution. The simulations give electric voltages of a few microvolts when using a nanoscopically small system of ∼50 nm × 50 nm containing twelve skyrmions. This indicates that if we use a larger device or sample with a microscopic size rather than a nanoscopic sample, the generated electric voltage should be five or six orders of magnitude greater than that obtained in the present simulations. These findings pave a way to efficient conversion of microwaves to DC electric voltage via using skyrmion-hosting magnets, which should be useful in future spintronics devices. Experimental realization and observation of the phenomena predicted here are subjects for future research. 
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